We introduce a new model called the Weibull-Lomax distribution which extends the Lomax distribution and has increasing and decreasing shapes for the hazard rate function. Various structural properties of the new distribution are derived including explicit expressions for the moments and incomplete moments, Bonferroni and Lorenz curves, mean deviations, mean residual life, mean waiting time, probability weighted moments, generating and quantile function. The Rényi and q entropies are also obtained. We provide the density function of the order statistics and their moments. The model parameters are estimated by the method of maximum likelihood and the observed information matrix is determined. The potentiality of the new model is illustrated by means of two real life data sets. For these data, the new model outperforms the McDonald-Lomax, Kumaraswamy-Lomax, gamma-Lomax, beta-Lomax, exponentiated Lomax and Lomax models.
Introduction
The Lomax or Pareto II (the shifted Pareto) distribution was pioneered to model business failure data by Lomax [45] . This distribution has found wide application in a variety of fields such as income and wealth inequality, size of cities, actuarial science, medical and biological sciences, engineering, lifetime and reliability modeling. It has been applied to model data obtained from income and wealth [37, 16] , firm size [23] , size distribution of computer files on servers [40] , reliability and life testing [38] , receiver operating characteristic (ROC) curve analysis [21] and Hirsch-related statistics [34] .
The characterization of the Lomax distribution is described in a number of ways. It is known as a special form of Pearson type VI distribution and has also considered as a mixture of exponential and gamma distributions. In the lifetime context, the Lomax model belongs to the family of decreasing failure rate [24] and arises as a limiting distribution of residual lifetimes at great age [18] . This distribution has been suggested as heavy tailed alternative to the exponential, Weibull and gamma distributions [19] . Further, it is related to the Burr family of distributions [55] and as a special case can be obtained from compound gamma distributions [30] . Some details about the Lomax distribution and Pareto family are given in Arnold [12] and Johnson et al. [41] .
The distributional properties, estimation and inference of the Lomax distribution are described in the literature as follows. In record value theory, some properties and moments for the Lomax distribution have been discussed in [7, 17, 43, 11] . The comparison of Bayesian and non-Bayesian estimation from the Lomax distribution based on record values have been made in [4, 49] . The moments and inference for the order statistics and generalized order statistics (gos) are given in [52, 25] and [47] , respectively. The estimation of parameters in case of progressive and hybrid censoring have been investigated in [13, 28, 10, 39] and [14] . The problem of Bayesian prediction bounds for future observation based on uncensored and type-I censored sample from the Lomax model are dealt in [3] and [9] . Further, the Bayesain and non-Bayesian estimators of the sample size in case of type-I censored samples for the Lomax distribution are obtained in [1] , and the estimation under step-stress accelerated life testing for the Lomax distribution is considered in [38] . The parameter estimation through generalized probability weighted moments (PWMs) is addressed in [2] . More recently, the second-order bias and bias-correction for the maximum likelihood estimators (MLEs) of the parameters of the Lomax distribution are determined in [33] .
The main aim of this paper is to provide another extension of the Lomax distribution using the Weibull-G generator defined by Bourguignon et al. [20] . So, we propose the new Weibull-Lomax ("WL" for short) distribution by adding two extra shape parameters to the Lomax model. The objectives of the research are to study some structural properties of the proposed distribution.
A random variable Z has the Lomax distribution with two parameters α and β, if it has cumulative distribution function (cdf) (for x > 0) given by
where α > 0 and β > 0 are the shape and scale parameters, respectively. The probability density function (pdf) corresponding to (1.1) reduces to
The survival function S(t) and the hazard rate function (hrf) h(t) at time t for the Lomax distribution are given by
respectively. The rth moment of Z (for r < k) comes from (1.2) as µ r<Z = α β r B(r + 1, α − r),
where B(p, q) = 1 0 w p−1 (1 − w) q−1 dw is the complete beta function. The mean of Z can be expressed as E(Z) = β/(α − 1), for α > 1, and the variance is V ar(
As α tends to infinity, the mean tends to β, the variance tends to β 2 , the skewness tends to 36 and the excess kurtosis approaches 21. The trend of parameter(s) induction to the baseline distribution has received increased attention in recent years to explore properties and for efficient estimation of the parameters. In the literature, some extensions of the Lomax distribution are available such as the exponentiated Lomax (EL) [6] , Marshall-Olkin extended-Lomax (MOEL) [32, 35] , beta-Lomax (BL), Kumaraswamy-Lomax (KwL), McDonald-Lomax (McL) [44] and gamma-Lomax (GL) [27] .
The first parameter induction to the Lomax distribution was suggested by [6] using Lehmann alternative type I proposed by Gupta et al. [36] . The three-parameter EL cdf (for x > 0) is defined by
where a > 0 is a shape power parameter. The pdf corresponding to (1.3) (for x > 0) is given by
with two shape parameters and one scale parameter. Let Y be a random variable having the EL distribution (1.4) with parameters a, α and β. Using the transformation t = 1 − [1 + (x/β)] −α and the binomial expansion, the rth moment of Y (for r < α) is obtained from (1.4) as where By(p, q) = y 0 w p−1 (1 − w) q−1 dw is the incomplete beta function. Some other mathematical quantities of Y are obtained in [5, 6, 42] .
The second parameter extension to the Lomax model, named the MOEL distribution, was proposed by [32] using a flexible generator pioneered by Marshall and Olkin [46] . The three-parameter MOEL cdf is given by
The pdf corresponding to (1.7) becomes
, where δ = 1 − δ and δ > 0 is a shape (or tilt) parameter.
The properties and the estimation of the reliability for the MOEL distribution are studied in [32] and [35] . The acceptance sampling plans (double and grouped) based on non-truncated and truncated samples for the MOEL distribution has been considered by [15, 53, 54, 50] .
Lemonte and Cordeiro [44] discussed three parameter inductions to the Lomax distributions, namely the BL, KwL and McL by including two, two and three extra shape parameters using the beta-G, Kumaraswamy-G and McDonald-G generators defined by Eugene et al. [31] , Cordeiro and de Castro [26] and Alexander et al. [8] , respectively. The cdfs of the BL, KwL and McL distributions are given by
respectively, where Iw(p, q) = Bx(p, q)/B(p, q) is the incomplete beta function ratio, and a > 0, b > 0 and c > 0 are extra shape parameters whose role is to govern the skewness and tail weights. The density functions corresponding to (1.9), (1.10) and (1.11) are given by
respectively. Recently, Cordeiro et al. [27] introduced a three-parameter gamma-Lomax (GL) distribution based on a versatile and flexible gamma generator proposed by Zagrafos and Balakrishnan [56] using Stacy's generalized gamma distribution and record value theory. The GL cdf is given by
where α > 0 and a > 0 are shape parameters and β > 0 is a scale parameter. The pdf corresponding to (1.15) is given by
More recently, Bourguignon et al. [20] proposed the Weibull-G class influenced by the Zografos-Balakrishnan-G class. Let G(x; Θ) and g(x; Θ) denote the cumulative and density functions of the baseline model with parameter vector Θ and consider the Weibull cdf FW (x) = 1 − e 
The Weibull-G density function is given by
In this context, we propose and study the WL distribution based on equations (1.17) and (1.18). The paper is outlined as follows. In Section 2, we define the WL distribution. We provide a mixture representation for its density function in Section 3. Structural properties such as the ordinary and incomplete moments, Bonferroni and Lorenz curves, mean deviations, mean residual life, mean waiting time, probability weighted moments, generating function and quantile function are derived in Section 4. In Section 5, we obtain the Rényi and q entropies. The density of the order statistics is determined in Section 6. The maximum likelihood estimation of the model parameters is discussed in Section 7. We explore its usefulness by means of two real data sets in Section 8. Finally, Section 9 offers some concluding remarks.
The WL distribution
Inserting (1.1) in equation (1.17) yields the four-parameter WL cdf
The pdf corresponding to (2.1) is given by
where a > 0 and b > 0 are two additional shape parameters.
Plots of the WL pdf for some parameter values are displayed in Figure 1 . Henceforth, we denote by X ∼WL(a, b, α, β) a random variable having the pdf (2.2). The survival function (sf) (S(x)), hrf (h(x)), reversed-hazard rate function (rhrf) (r(x)) and cumulative hazard rate function (chrf) (H(x)) of X are given by
respectively. Plots of the WL hrf for some parameter values are displayed in Figure 2 . 
Mixture representation
The WL density function can be expressed as
Inserting (1.1) and (1.2) in equation (3.1), we obtain
In order to obtain a simple form for the WL pdf, we can expand (3.1) in power series.
By expanding the exponential function in A, we have
Inserting this expansion in (3.2) and, after some algebra, we obtain
.
After a power series expansion, the quantity B k in the last equation becomes
Combining the last two results, we can write
The last equation can be rewritten as
Equation (3.3) reveals that the WL density function has a double mixture representation of EL densities. So, several of its structural properties can be derived form those of the EL distribution. The coefficients v k,j depend only on the generator parameters. This equation is the main result of this section.
Some Structural Properties
Established algebraic expansions to determine some structural properties of the WL distribution can be more efficient than computing those directly by numerical integration of its density function, which can be prone to rounding off errors among others. 
Simulating the WL random variable is straightforward. If U is a uniform variate on the unit interval (0, 1), then the random variable X = Q(U ) follows (2.2), i.e. X ∼WL(a, b, α, β).
4.2.
Moments. Some of the most important features and characteristics of a distribution can be studied through moments (e.g. tendency, dispersion, skewness and kurtosis). The rth moment of X can be obtained from (3.3) as
Using (3.3), we obtain (for r ≤ α)
Setting r = 1 in (4.2), we have the mean of X. Further, the central moments (µn) and cumulants (κn) of X are obtained from (4.2) as
respectively, where
, etc. The skewness and kurtosis measures can be calculated from the ordinary moments using well-known relationships.
The nth descending factorial moment of X (for n = 1, 2, . . .) is
where s(n, j) = (j!)
is the Stirling number of the first kind.
Incomplete moments.
The answers to many important questions in economics require more than just knowing the mean of the distribution, but its shape as well. This is obvious not only in the study of econometrics but in other areas as well. The rth incomplete moment of X (r ≤ α) follows from (3.3) as
The main application of the first incomplete moment refers to the Bonferroni and Lorenz curves. These curves are very useful in economics, reliability, demography, insurance and medicine. For a given probability π, they are defined by B(π) = m1(q)/(π µ 1 ) and L(π) = m1(q)/µ 1 , respectively, where m1(q) can be determined from (4.3) with r = 1 and q = Q(π) is calculated from (4.1).
The amount of scatter in a population is measured to some extent by the totality of deviations from the mean and median defined by δ1 = ∞ 0 |x − µ|f (x)dx and δ2(x) = ∞ 0 |x − M |f (x)dx, respectively, where µ 1 = E(X) is the mean and M = Q(0.5) is the median. These measures can be determined from δ1 = 2µ 1 F (µ 1 ) − 2m1(µ 1 ) and δ2 = µ 1 − 2m1(M ), where F (µ 1 ) comes from (2.1).
A further application of the first incomplete moment is related to the mean residual life and the mean waiting time given by m(t; a, b, α, β) = [1 − m1(t)]/S(t) − t and µ(t; a, b, α, β) = t − [m1(t)/F (t; a, b, α, β)], respectively, where F (·; ·) and S(·; ·) = 1 − F (·; ·) are obtained from (2.1).
4.4. Probability weighted moments. The probability weighted moments (PWMs) are used to derive estimators of the parameters and quantiles of generalized distributions. These moments have low variance and no severe bias, and they compare favorably with estimators obtained by the maximum likelihood method. The (s,
We can write from (2.1)
Then, we can express ρs,r after some algebra from (2.1) and (2.2) as
By using (4.2), we obtain (for r < α)
(−1)
where
Generating function. The moment generating function (mgf) MX (t) of a random
variable X provides the basis of an alternative route to analytical results compared with working directly with the pdf and cdf of X. We obtain the mgf of the WL distribution from equation (3.3) as
By expanding the binomial terms, we can write
By expanding the binomial terms again, we obtain (for t < 0)
which is the main result of this section.
Rényi and q-Entropies
The entropy of a random variable X is a measure of the uncertain variation. The Rényi entropy is defined by
where I(δ) = f δ (x) dx, δ > 0 and δ = 1. We have
By expanding the exponential term of the above integrand, we can write
Using the binomial expansion twice in the last equation and integrating, we obtain
Hence, the Rényi entropy reduces to
The q-entropy, say Hq(f ), is defined by
where Iq(f ) = f q (x) dx, q > 0 and q = 1. From equation (5.2), we can easily obtain
tm .
Order Statistics
Here, we provide the density of the ith order statistic Xi:n, fi:n(x) say, in a random sample of size n from the WL distribution. By suppressing the parameters, we have (for i = 1, . . . , n)
Thus, we can write 
where v k,j is given in Section 3. The L-moments are analogous to the ordinary moments but can be estimated by linear combinations of order statistics. They exist whenever the mean of the distribution exists, even though some higher moments may not exist, and are relatively robust to the effects of outliers. Based upon the moments (6.3), we can derive explicit expressions for the L-moments of X as infinite weighted linear combinations of the means of suitable WL distributions. They are linear functions of expected order statistics defined by (for s ≥ 1) λs = s 
Estimation
Here, we consider the estimation of the unknown parameters of the WL distribution by the maximum likelihood method. Let x1, . . . , xn be a sample of size n from the WL distribution given by (2.2). The log-likelihood function for the vector of parameters Θ = (a, b, α, β) can be expressed as
Then, we can write as
The log-likelihood function can be maximized either directly by using the R-package (AdequecyModel), SAS (PROC NLMIXED) or the Ox program (sub-routine MaxBFGS) (see Doornik, [29] ) or by solving the nonlinear likelihood equations obtained by differentiating (7.1) or (7.2). In AdequecyModel package, there exists many maximization algorithms like NR (Newton-Raphson), BFGS (Broyden-Fletcher-Goldfarb-Shanno), BHHH (BerndtHall-Hall-Hausman), NM (Nelder-Mead), SANN (Simulated-Annealing) and LimitedMemory quasi-Newton code for Bound-constrained optimization (L-BFGS-B). However, the MLEs here are computed using L-BFGS-B method. The components of the score vector U (Θ) are given by
Setting these above equations to zero and solving them simultaneously also yield the MLEs of the four parameters. For interval estimation of the model parameters, we require the 4 × 4 observed information matrix J(Θ) = {Jrs} (for r, s = a, b, α, β) given in Appendix A. Under standard regularity conditions, the multivariate normal N4(0, J( Θ) −1 ) distribution can be used to construct approximate confidence intervals for the model parameters. Here, J( Θ) is the total observed information matrix evaluated at Θ. Then, the 100(1 − γ)% confidence intervals for a, b, α and β are given byâ
, respectively, where the var(·)'s denote the diagonal elements of J( Θ) −1 corresponding to the model parameters, and z γ/2 is the quantile (1 − γ/2) of the standard normal distribution. Two problems that can be addressed in a future research are: (i) how large are the correlations between the parameter estimates? and (ii) how about the sample size required in order for the asymptotic standard errors to be reasonable approximations? The answer to problem (i) could be investigated through simulation studies. The answer to (ii) is related to the adequacy of the normal approximation to the MLE Θ. Clearly, some asymptotic techniques could be adopted to improve the normal approximation for Θ.
The likelihood ratio (LR) statistic can be used to check if the fitted new distribution is strictly "superior" to the fitted Lomax distribution for a given data set. Then, the test of H0 : a = b = 1 versus H1 : H0 is not true is equivalent to compare the WL and Lomax distributions and the LR statistic becomes w = 2{ ( a, b, α, β) − (1, 1,α,β) }, where a, b, α and β are the MLEs under H1 andα andβ are the estimates under H0.
Applications
In this section, we illustrate the usefulness of the WL model. We fit the WL distribution to two data sets and compare the results with those of the fitted McL, KwL, GL, BL, EL and Lomax models.
Aircraft Windshield data sets.
The windshield on a large aircraft is a complex piece of equipment, comprised basically of several layers of material, including a very strong outer skin with a heated layer just beneath it, all laminated under high temperature and pressure. Failures of these items are not structural failures. Instead, they typically involve damage or delamination of the nonstructural outer ply or failure of the heating system. These failures do not result in damage to the aircraft but do result in replacement of the windshield.
We consider the data on failure and service times for a particular model windshield given in Table 16 .11 of Murthy et al. [48] . These data were recently studied by Ramos et al. [51] . The data consist of 153 observations, of which 88 are classified as failed windshields, and the remaining 65 are service times of windshields that had not failed at the time of observation. The unit for measurement is 1000 h. We estimate the unknown parameters of each model by maximum likelihood using L-BFGS-B method and the goodness-of-fit statistics Akaike information criterion (AIC), Bayesian information criterion (BIC), consistent Akaike information criterion (CAIC), Hannan-Quinn information criterion (HQIC), Anderson-Darling (A * ) and Cramér-von Mises (W * ) are used to compare the five models. The statistics A * and W * are described in details in [22] . In general, the smaller the values of these statistics, the better the fit to the data. The required computations are carried out using the R-script AdequacyModel developed by Pedro Rafael Diniz Marinho, Cícero Rafael Barros Dias and Marcelo Bourguignon. It is freely available from http://cran.r-project.org/web/packages/AdequacyModel/AdequacyModel.pdf. Tables 1 and 3 give the MLEs and their corresponding standard errors (in parentheses) of the model parameters. The model selection is carried out using the AIC , BIC, CAIC and HQIC statistics defined by:
, and HQIC = 2 log log(
where (·) denotes the log-likelihood function evaluated at the MLEs, p is the number of parameters, and n is the sample size. The figures in Tables 1 and 3 indicate that the fitted Lomax models have huge parameter estimates, although they are accurate compared with their standard errors. Sometimes, the log-likelihood can become quite flat by fitting special models of the WL distribution leading to numerical maximization problems. For these cases, we can obtain different MLEs for the model parameters using alternative algorithms of maximization since they correspond to local maximums of the log-likelihood function. Thus, it is important to investigate the global maximum. The values of the AIC, CAIC, BIC, HQIC, A * and W * are listed in Tables 2 and 4 . Tables 2 and 4 compare the WL model with the McL, KwL, GL, BL, EL and Lomax models. We note that the WL model gives the lowest values for the AIC, BIC and CAIC, HQIC and A * statistics (except W * for the first data set) among all fitted models. So, the WL model could be chosen as the best model. The histogram of the data and the estimated pdfs and cdfs for the fitted models are displayed in Figure 3 . It is clear from Tables 2 and 4 and Figure 3 that the WL distribution provides a better fit to the histogram and therefore could be chosen as the best model for both data sets. 
Concluding remarks
In this paper, we propose a four-parameter Weibull-Lomax (WL) distribution. We study some structural properties of the WL distribution including an expansion for the density function and explicit expressions for the ordinary and incomplete moments, mean residual life, mean waiting time, probability weighted moments, generating function and quantile function. Further, the explicit expressions for the Rényi entropy, q entropy and order statistics are also derived. The maximum likelihood method is employed for estimating the model parameters. We also obtain the observed information matrix. We fit the WL model to two real life data sets to show the usefulness of the proposed distribution. The new model provides consistently a better fit than the other models, namely: the McDonald-Lomax, Kumaraswamy-Lomax, gamma-Lomax, beta-Lomax, exponentiatedLomax and Lomax distributions. We hope that the proposed model will attract wider application in areas such as engineering, survival and lifetime data, hydrology, economics (income inequality) and others. 
